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FOCUS ON THEORY

ESTABLISHING THE DERIVATIVE FORMULAS

The graph of f(z) = z? suggests that the derivative of 2% is f'(z) = 2z. However, as we saw in
the Focus on Theory section in Chapter 2, to be sure that this formula is correct, we have to use the

definition:

As in Chapter 2, we simplify the difference quotient and then take the limit as & approaches zero.

Example 1 Confirm that the derivative of g(z) = 2% is ¢/(x) = 322,

Solution Using the definition, we calculate ¢’ (z):
ooy o 9@ th)—gl@) . (z+h)®—dB
o16) = i LI < 0
o 23+ 32%h +3zhE + R — 28
Multiplying out — — ’11:% 7
. 32°h+3zh% 4+ A8
= lim
h—0 h

. 2 2 2
Simplifying — = lim (3$ +3zh+h ) = 31~°,
h—0
N Looking at what happens as A — 0

Sog'(z) = %(m?’) = 3z°.

Example 2 Give an informal justification that the derivative of f(z) = e is f'(z) = €®.

Solution Using f(z) = e®, we have
_ fleth)—flx) . e"th_e”
! — - Ll - —_——
f(@) = Jim K i =
—y eel — e® i ¢® el —1
a0 ko weet \ TR )
el —1 eh —1 el —1

What is the limit of as h — 0? The graph of
approaches 1 as i — 0. In fact, it can be proved that the limit equals 1, so

h
’ : z (€ —1 _ LT 1 o T
f(a:)—}lllrr%)e ( - )-e 1=¢"

in Figure 3.27 suggests that

Figure 3.27: What is lim £2=L
h—0
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Example 3

Solution

Show that if f(x) = 222 + 1, then f'(z) = 4.
We use the definition of the derivative with f(z) = 22* + 1:
flz+h)— f(z) 2z +h)?+1)— (227 4+ 1)

12 1 T
fo=ln=— ~% h
. 2@ +2zh+ R4+ 1222 -1 222 + 4dzh + 202 +1—22% -1
= lim = lim
h—0 h h—0 h
. 4zh+2h? h(dxw+2h)
= lim = lim
h—0 h h—0 h
To find the limit, look at what happens when h is close to 0, but & # 0. Simplifying, we have
. h(4z+2h)
/ pameng —— = T =
fz) = %13%) - }1112%3(430 +2h) =4z

because as h gets close to 0, we know that 42 + 2h gets close to 4.

Using the Chain Rule to Establish Derivative Formulas

We use the chain rule to justify the formulas for derivatives of In z and of a®.
DerivativeofInx

We’ll differentiate an identity that involves Inz. In Section 1.6, we have e*® = . Differentiating
gives
d Inz d
—(e = —(z) =1.
(%) = - (z)
On the left side, since e is the outside function and In = is the inside function, the chain rule gives
d

d
Inz Ing |
—(e™®) =e —(Inz).

Thus, as we said in Sections 3.2,

1
%(lnm) ==

Derivative of a®

Graphical arguments suggest that the derivative of a* is proportional to a®. Now we show that the
constant of proportionality is In a. For ¢ > 0, we use the identity from Section 1.6:

In(¢®) =zlna.

d 1
On the left side, using e (Inz) = — and the chain rule gives
i x

d m 1 d,,
E:-B—(lna )#—-%(a ).

aiE
Since In a is a constant, differentiating the right side gives

%(m Ina)=Ina.

Since the two sides are equal, we have

1

EE{;(G ) =Ina.

d
Solving for E—(am) gives the result of Section 3.2. For a > 0,
x

d

%(az) = (lna)a”.
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The Product Rule

Suppose we want to calculate the derivative of the product of differentiable functions, f (z)g(z),
using the definition of the derivative. Notice that in the second step below, we are adding and sub-
tracting the same quantity: f(z) g(z+h).

df@o()] _ | S+ Bl 1) - fe)o(a)
dx

h—0 h

= lim flz+hg(@ +h) - f(x)g(z + h) + f(@)g(z +h) — f(z)g(z)
h—0 h

= lim [M c9(z + 1)+ f(z)- WJ

Taking the limitas 4 — 0 gives the product rule:

(f@)g(@))' = f'(2) - 9(z) + [(z) - ¢' ().
The Quotient Rule

Let Q(z) = f(z)/g9(z) be the quotient of differentiable functions. Assuming that Q(z) is differen-
tiable, we can use the product rule on (@) = Q(z)g(x):

f(@) = Q'(@)g(z) + Q(z)g' ().

Substituting for Q(z) gives

ﬂ@=@@ﬂ@+§%ﬂw

Solving for Q'(z) gives
- %g’(z)
Q) = %

9(z)

Multiplying the top and bottom by g(z) to simplify gives the quotient rule:

(ﬂ@)QZf@mwy—ﬂm¢@>
9(@) @2

f'(=)

Problems on Establishing the Derivative Formulas

For Problerms 1-7, use the definition of the derivative to obtain (b) Use the definition of the derivative and the result
the following results. from part (a) to explain why, if f(z) = 2%, we be-
lieve that f'(x) ~ (0.6931)2%,

L If f(z) = 22 + 1, then f'(z) = 2. teve that f'(z) = (0.6931)

2. If f(z) = 52, then f'(z) = 10z. 9. Use the definition of the derivative to show that if flz) =

3. If f(z) = 22° + 3, then f/(z) = 4z. C\ where C'is a constant, then f'(z) = 0.

2

4 It (@) = 2° + a, then f'(z) = 20 + 1. 10. Use the definition of the derivative to show that if flz) =

S. If f(z) = 422 + 1, then f'(z) = 8z. b+ mz, for constants m and b, then F(z) =m.

6. If f(z) = z*, then f'(z) = 42°. [Hint: (z + )t = N o )

ot + 423k 4 6222 4 dgh? ey 11. Use the definition of the derivative to show thatif f(z) =

k-u(z), where k is a constant and u(z) is a function, then

7. If f(z) = 25, then f'(z) = 5z*. [Hint: (z + h)° = F(@) =k (z).

z° + 52%h 4 102°h2 + 102213 + 5zh* + K5

2k . 12. Use the definition of the derivative to show that if f(z) =
5 @ Usea graph of g(il) N (0 explain why we u(x) + v(x), for functions u(z) and v(z), then f’ (z) =
— / !
believe that lim 21 0.6931, u'(z) + ' (z).



	201405291216
	201405291217a
	201405291217b
	201405291217c
	201405291218a
	201405291218b
	201405291218c
	201405291219a
	201405291219b
	201405291219c
	201405291220a
	201405291220b
	201405291220c
	201405291221a
	201405291221b
	201405291221c
	201405291222a
	201405291222b
	201405291222c
	201405291222d
	201405291223a
	201405291223b
	201405291223c
	201405291224a
	201405291224b
	201405291225

